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We analyze the relative branching ratios of 4inal statesz' 7 7 7, w" 7 «°#°, and 7°7°# =0,

from various resonances witF¢=0"*, 0= ", 27 . We find that in some cases the interference effects due
to Bose symmetry make their ratios obviously different from the naive counting values without these effects.
The results allow an accurate estimate of the ranching ratios of relevant resonances when only (@ne

two) modes are measured in a given experiment.

PACS numbegps): 14.40.Cs, 13.25.Gv, 13.25.Jx, 13.75.Cs

I. INTRODUCTION IM=a"a7 77 T(M—atm 7" 7))

o ) I'(M— 70707070)
In the mass range 1-2.5 GeV, there exist rich hadronic

resonance spectra, including possibie*Q 0=, and 2"+ =4:4:1, for fyo,00 intermediate states;
glueballs. Their decay branching ratios are an important (1
source of information about the nature of these resonances.
Among the observed decay modes for the"Q 0~ ", and IM=mt7 77 T(M=m"7m wta)
2** resonances, the# final state is a very important one
[1]. T (M— 7070 7070)

There are three kinds of# final states:m "7 7" 7, =2:1:0, for pp intermediate states, (2)

7t a” 770, and 77O #O#C. Usually, because of the spe-

cial features and limitations of each detector, one experimenthere all interference effects are neglected.
is only good at studying one kind of final state. For All pions can be treated as identical particles and each
example, the Crystal Barrel detector is particularly good aimode has the same production amplitude up to ari25U
studying neutral final states and has therefore studied reséactor. So, unless all the interference terms cancel each other
nances decaying into the®7%7%70 final state[2]; the BES  after integration over the invariant phase space of final states,
(Beijing Spectrometégrdetector is good at detecting charged their effects can be important. In the earlier literature, naive
particles and has hence studidty radiative decay to the counting was employed to evaluate the relative production
ata w7 final state[3]. The problem is how to deduce rate of one mode to another. Even though this counting way
from the measured rate for one kind ofr4final state the 1S Simple and is valid in certain cases, it may cause large
rates for the other two kinds of7 final states, allowing for errlc:wrst;wri]ssc\)/vn(q)?kcav?/is'analyze the relative ratios &(M
mtirrf]erence_ effects within the# channel. _ ot m0m®):B(M a4t ) B(M — 700700 0)
e 4 final states are usually produced via 2-meson in-_" " L .
termediate statell; andM,: by including mterferenge terms for various masses of the
parent mesons of 0",0~*, 2" ", and intermediate 2-meson

states.

In Sec. Il, we present the formulation of the analysis;

M=Mt+Mo—dm. numerical results and discussion are given in Sec. III.

The parent mesons in which we are interested are,0 IIl. FORMULATION

and 2" 7, etc., because they have the same quantum numbers For M — 11(p1) m2(P2) 73(Ps) ma(Ps) Where p/s (i

as glueballs, which are under intensive discussions atj .. . 4) are théour-momenta of the four produced pions,
present;M,; and M, can be various mesons, among whichwe use the notation

oo, pp, andf,o are the most likely candidat¢2,3] and are

discussed in this work. Pav=PatpPp, ab=1,...,4, anda#bh.
Naive counting for the 4 final states from simple isospin
decomposition would result in The propagators take the Breit-Wigner fofmh5]
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i 1
i
Fa=—3—— ——— for scalar mesons, IM|2=Z|(p1—p2)~(p3—p4)F’1’2F§4
Pap—M-+il'm
+(P1—Pa) - (P3— P2) F1F5)
i
D¥f=———————g% for massive vector, L
ab pab e +|Fmg for fo—m "7 7w 7, (6)
where F{7 ,F{; are the propagators of the meson andp
—i 1. - . - 1. meson, respectively, for piorisandj. There is no process
aBys_ T (Ra S adn _ T S . . i .
Dab” 02, —m2+il'm 5(9 7977+ 99”7 39 g7 fo—pp—47°, because’— 7°7#° is forbidden by isospin
ab symmetry.
for spin-2 tensor meson(3) B. Decay of 0+ mesons
where It is obvious that 0 " — oo is forbidden by parity and

angular-momentum conservations; it decays intochly via
B pp intermediate states.

~ PapP
gh=—gefe =2, (4 .
m
|M|2:§|Euv)\p(pfpgp3pZF’£2F§4 Py p4p3p SF14F 2)|
andm is the mass of the intermediate meson of spin 0 or 1 or
2. In the following we present explicit expressions for the for 0" "7 707 70,
amplitude squared for the proceds— M+ M,— 47 with
variousM,M,M, identities. For each single channel, since )
the common vertex coupling constants can be absorbed into |M|*= |€pr(p1 P5P3P4F L F 54— PAPIPIPSFLF 5|
an overall normalization constant, we do not write them out
explicitly in the formulas. In this work, we consider only the
relative values of the branching ratios and the overall nor-

malization constant is irrelevant here.

for O t—w"m wta . (7)

C. Decay of 2"+ mesons

A. Decay of M (0t ") =447 For 2" " — 4, in addition to theso andpp intermediate
states, thd,(1270) intermediate state is also found to be
mportant.

(a) For oo intermediate states:

To investigate interference effects fiok— 4, we distin-
guish the processes caused by different intermediate staté
Here we first ignore possible interference betwé&én oo
— 47 andM — pp—4a and will study it later.

(a) The squares of amplitudes correspondingrte inter- IM[?2=2 ‘ \[ —r2+3r2)Fy. |:34
mediate state are

for 2" " —at 7 7070,
[M|?= |F F? for fo—at 7 7070,

1
L IM[Z=2 | \[5(—r?+3r)FTFg,
IM|?=Z[FIFS+FIFS)®  for fommm ot - ,
+ \/%( I!2+3r112) ({4 gz
1
M 2_ (r+ o +F F 2
| | 24| 2! 34 13 32| for 2++—>7T+7T_7T+7T_,
for fo— 7077070, (5) 1, 1 )
|M|2:ﬂg 2 g(_r2+3rz)F(1rz 34
(b) For pp intermediate states:
l _ 12 12
|M|2=§|(p1—p2)-(pg—p4)F’f2F§4 ,
1
- n2 n2 o
+(P1—Pa)- (P3— P2 FLF%,2 * \[6( IR
for fo—m" 707 7, for 27— 70707070, (8)
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where r=pi,;—pPas, '=Pi1z—P2s, I"=Pa—PpPs, and ] ity iy
rz,ry,ry are thezcomponents of the three vectars’, r”, 807 L T
H 4 S b n"(a)
respectively. ] —l—n’n'::'n'(a)
(b) For pp intermediate states: 254 )

- 00
TN

204 TR

1
IM|2= > (= P1aP34— PIP3st 2PTP3) FFS,

+ (= PLP32— PLP5o+ 2P3 4030 FA4F52

normalized by B(4n°)
P
L 1

for 27" = 7T 707 70,

5 T T T T T T T T T T
° 0.8 1!0 1.[2 14 1.6 1.8 2!0 22 24
1 1 b, s 3 mass of initial meson(GeV)
[M[?=2|(— P1P34~ P1aP3st+ 2P1oP30) F1F5
4 12734 F1arsa 123 F s FIG. 1. Branching ratios for 0" — oo — 4, relative to 47°.
112 2 3 3 \Ep D |2
(= PLPz2— P1Pa2 T 2P1aP3) F 1P 5 D. The interference between channels withoo and pp
intermediate states inM—44r
for 2+° taTataT, (9 . L
—mm s, (9) So far we have ignored possible interference between
and pp channels. In this subsection, we study this interfer-
ence. As an example, we concentrate on" 0decays. The
squares of amplitudes are

where p3y, pap, P3, are thexy,z components of the,p,
respectively.
(c) For f,o intermediate states:

1 |M|2=—|g (P1—P2) - (P3—Pa)FiF5,
|M|2:§| T(12) (12)+2T(12)) F§4|2 oty
+9'(p1—Pa)- (P3— P2)FLF5+gFFY

for 2"t sf,o—at 7 70m° -
2 ' for f0—>’7T+7T07T w0,

2_ foro 1
MI*= |( T(12) T(12)+2T(12))F12F34 ||V||222|9’(p1—p2)~(p3—p4)F‘1)2F§4

33 o |2
(= Tay~ Tay+ 2T e F3F S +0'(P1—Pa) - (P3—P2)F4F5,

for 2" —f,o—m m Tt @, +9(FIF 3+ FIF3)?

1 f for fo—m a a7, (12
|M|2:ﬂ|(_ o)~ Tyt 2T (i) Fi3F S

where
f
+(—Tiay~ Tiayt 2T F 3F 5, s
f 2
+(=T¢ (14) T(14)+ 2T(14))F13;Fg2| .
for 27* —f,0— 7770, (10) 0804
where C 075
o
[
2 0.70
(ab) = ObpOan T 3 (1+ PhpPhy/ M7 )|qab| (11
0.65
and 0.60 T T T T T T T T
0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
mass of initial meson{GeV)
UJab=Pa= Pop “MZ—s —iM.T. Sab= Pab- FIG. 2. Ratio of cross sections with and without the Bose sym-
f, ~ab f2 metry interference effect for 0" — pp— 4.
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FIG. 5. Ratio of cross sections with and without the Bose sym-
metry interference effect for 2" — pp— 4.
I1l. NUMERICAL RESULTS AND DISCUSSION

We have employed a Monte Carlo program to carry out

with g¢, 97, 9,, andg, related to the partial decay widths the calculation of the various# decay widths. There, we

as follows:
o o amz\
( OHUU)—lﬁwa - M% ,
ot gf,z 4m§ 1/2
( o-’PP)—FNIf —W
1 4 2,2
X 3+ H(Mf_4lvlfmp) Il
P
- , gimp 4m§T 3/2
(p—2m)= 487 1= m? '
P
g(zr 4m727 1/2
INo—7mm)= 16m7m, 1- m?; (14

normalized by B(4r)
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FIG. 4. Branching ratios for 2" — go— 4, relative to 47°.

need to multiply the propagators of vector and tertisoand
Ff2 in all equations by the Blatt-Weisskopt barrier factor
Bi(p) [5,7] (Bo(p)=1), which is widely used in partial-
wave analyses. Explicitli? is replaced byr”B(p) andF 2
by Ff2B,(p), respectively. We also include the correspond-
ing centrifugal barrier factors for the vertices of the parent
mesons to the two-intermediate mesons.

For the o propagator, there are various forms. Here we
only use two typical ones. The first [i8]

1
MZ—s—iM[Ty(s)+T2(s)]’

Fo= (15

where

V1-4mi/s s—m2/2
l(s):Gl > 2 2 2
V1=4mZ/M¢ M —m2/2

e (s- M(Zr)/4B2’

r

5.0 o
4.5

4.0

3.5

3.0

2.5

—I—xnrn'r(@)

normalized by B(4n°)

P
—e—nnnn(a)

—
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mass of initial meson{GeV)

FIG. 6. Branching ratios for 2" f,o0—4r, relative to 4r°.
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FIG. 7. The total squares of amplitudes for 7~ 7°x° final FIG. 8. The total squares of amplitudes fof =~ =" =~ final
states including interference betweear and pp. states including interference betweea and pp.
P 2 . . .
I',(5)=G 1-16m7/s  1+exdA(so—Mg)] B(m’m°7°%°%) deviate from the naive counting 4:4:1. The
27 TPlrexdA(so—9)]  J1-16m2/M2 curvest 7w~ 77%a) and 7* 7w 7 (a) are evaluated

(16) using Eq.(15) for the o propagator, while the others corre-
spond to Eq(17); the latter has a more complicated structure
with M,=1.067 GeV,G,;=1.378 GeV,B=0.7 GeV, G, than Eq.(15) and causes the curly structures. The same con-

=0.0036 GeV,A=3.5 GeV ?, ands,=2.8 Ge\’. ventions apply to Fig. 4 and Fig. 6.
The second i$9], (2) To study the significance of the interference effects in
, M — pp— 4, we define a quantitir as
eZi¢_ 1 e i
Fr=—+ e gffl Tou0)) 17
—s—i
R P1917 P292 J[LIPS]Z A2
. |
with R= 5, (19)
. LIPS]| D> A,
~ 14a;sta,sitipybi(s—M2/2)+b,s? f[ ‘ =~ T
Qi1 AST A Pl ba( 12) +Dys7] 19 |

1+a;5+a,5°—ip;[by(s—M2/2)+b,s?]’
) 4 where the sum runs over all channels which contribute to the

where a; = _0'32853 Gev?, 322_0214237 GeV™, by same 4r final state; the channels may interfere with each
=—3.696 GeV*®, b,=-1462 GeV", 9,=0.1108,09,  other and the integration is carried out over the Lorentz in-
=0.4229, Mg=0.9535 GeV, p;=y1-4mi/s, p, variant phase-spac@IPS). If the interference effects are
= \/1—4m2K/s, ands is the invariant mass squared of the negligible, R should be equal to unity. If the interference is
system. This parametrization is the futlm S-wave scatter- destructiveR>1, whereas for the constructive caRe1.
ing amplitude corresponding to CERN-Migh 77 S-wave Figure 2 gives the dependence of fRealue on the mass
phase shift{10] and is very close to the AMP amplitude of the initial 0" meson for 0 " —pp— a7 #°#° and
[11], and hence includes contributions from severdl'0 0'* —pp—7"7 7*7~. The figure demonstrates con-

resonances. structive interference. ThR value increases with the mass
We now present our results graphically and add somand approaches unity for sufficiently high mass. This is con-
discussion. sistent with our understanding that at very high energies,
(1) In Fig. 1 we present the relative branching ratios ofinterference would become less and less significant.
B(0**—oo—4m) normalized to B(0" " —oo—479). (3) Figure 3 is for 0 "—pp—4m whose structure is
Clearly the ratios B(w" 7 #°#%):B(w"#w = % ):  analogous to Fig. 2.

TABLE I. Branching ratios of)/¢ radiative decays to # based on the BES data.

Parent meson B(w 7w w”) (measurel  B(w"w w'#70) B(m°7070x0) B(4m)
f(1500) (3.30.2-1.1)x10°* 1.75x10°4 1.05x10°4 5.9x1074
fo(1740) (3.30.2-1.1)x10°* 1.73x10°4 1.03x10°4 5.9x1074
f(2100) (5.10.3+1.8)x10 4 3.08<10°4 1.71x10 4 9.9x10 *
f,(1950) (5.5-0.3+1.9)x10 4 5.58x10 4 1.63x10 4 12.7x10 4
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TABLE Il. Branching ratios of)/ ¢ radiative decays to # based on the MARK Il data.

Parent meson  B(w" @« 7") (measure B(w" 7~ 7o) B(m°7070x0) B(4m)
fo(1505) (2.5-0.4)x 10 * 1.41x10°4 0.84x10° 4 4.8x1074
fo(1750) (4.3-0.6)x10 4 2.41x10 4 1.43x10°*4 8.1x10 4
fo(2104) (3.0:0.8)x 10 1.82x10°4 1.00< 104 5.8x10 4

(4) Figure 4 is for 2 " — 0o —4m whose structure is in
analog to Fig. 1. Figure 5 is for'2" — pp— 41 whose struc-

to 47 states where only one of the threer4modes
(7 7~ 7w 77) is experimentally measured. In Table I, the

ture is generally similar to that of Figs. 2 and 3. In Figs. 2, 3/first column contains values &(7 "7~ 7" 7~) measured
and 5 forpp intermediate states, there are several peakdyy the BES Collaboratiofi3], while the other two columns
while in Figs. 1 and 4 fowo intermediate states the curves are for the ones evaluated in terms of our scheme where
go up steadily as the mass increases. This is due to the moiterference effects are included. Table Il is similar but based

complicated momentum-dependent vertices forghecase.

(5) Figure 6 shows the relative branching ratios df*2
—>f20'—>77+777770770, ata T, 770770770770, respec-
tively, normalized toB(2" " — m°#%7%%%). The interfer-
ence effects here are smaller than in the casemofnterme-

diate state, but still not negligible.

on the Mark Il datg6].

Using Crystal Barrel resulte2] and our results here, we
find the relative branching ratio of Bi,(1500)
—4)/Br(fo(1500)—27) to be (2.1:0.6); this is compat-
ible with the result 1.5 0.4 from 7r7r scattering phase shifts
[8]. It corrects the value 3:40.8 [2] obtained by ignoring

(6) As mentioned above, we deliberately ignore interfer-interferences.

ence among different intermediate channels. This will be true

In conclusion, our numerical results indicate that interfer-

if one of the channels dominates over the other. Here wence effects make the ratios

study the interference betweemo and pp intermediate

channels in 0 * — 47 decays. This estimation depends on

the effective couplingg’ andg. In Figs. 7 and 8 we deal
with the 7" 7~ #°#° and #* =~ =" =~ final states, respec-
tively. For convenience, we computel |§U according to Eq.
(5) and|M |,2)p according to Eq(6), then obtain the interfer-
ence term a8, = (|M|?~|M|2 —[M|3 ) for various masses
of the parent meson; the formula fo¥|? is given in Eq.

BIM—=m 7 w7 :BMM—=mt 7 = 7"):
B(M— w79 7%70)

deviate significantly from the naive counting 4:4:1 for iso-
scalar 0" and 2" mesons. The graphs provided in this
work can serve as a standard reference; once one of#he 4

modesnt 7~ 770, ntw w7, 7070 7%#0 is measured,

(12). In Fig. 7,9'/g is taken to be 4.5, and 8.5 in Fig. 8. We we can determine the branching ratios of the other modes.

choose the forn{15) for the o propagator.

For thefy(1500), f4(1750) andf,(2100), theoo inter-
mediate state dominates over tlg intermediate states
[3,6]. Hence the interference betweewr andpp intermedi-
ate states is negligible for these states.
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